Growing Quadratically: The S-Pattern — Algebra

Overview: In this lesson students write the general expression for a pattern that is growing quadratically. They use that general expression to
determine the number of tiles in any pattern in the sequence. Students then compare various equivalent quadratic expressions and simplify them
to demonstrate that they are algebraically equivalent. This requires students to make connections between and among the expressions and the
picture or table representation of the relationship of the place of the pattern in the sequence and the number of tiles in the pattern, and to evaluate
and factor quadratic expressions.

Goals:
Students will determine the expression for the number of tiles in any pattern in the sequence.
Students will interpret quadratic expressions in terms of the problem.
Students will solve the problem using a variety of strategies
Students will demonstrate the equivalence of various quadratic expressions by adding, subtracting, multiplying or dividing monomials and
polynomials.
Students will justify their solutions to the problem.

Algebra Standards:
10.0 Students add, subtract, multiply and divide monomials and polynomials. Students solve multi-step problems, including word problems,
using these techniques.
24.0-25.0 The reasoning standards are in italics within the algebra standards. When mathematical reasoning is expected in the lesson, the
text will be labeled Mathematical Reasoning within the text.

Building on Prior Knowledge — 7" Grade Standards:
Algebra and Functions
1.0 Students express quantitative relationships by using algebraic terminology, expressions, equations, inequalities, and graphs.
1.1 Use variables and appropriate operations to write an expression, an equation, an inequality, or a system of equations or inequalities that
represents a verbal description (e.g., three less than a number, half as large as area A).
1.2 Use the correct order of operations to evaluate algebraic expressions such as 3(2x + 5)°.
1.3 Simplify numerical expressions by applying properties of rational numbers (e.qg., identity, inverse, distributive, associative, commutative)
and justify the process used.
1.4 Use algebraic terminology (e.g., variable, equation, term, coefficient, inequality, expression, constant) correctly.
Materials: S-Pattern Task (attached); square tiles

Note: Developing an understanding of the mathematical concepts and skills embedded in a standard requires having multiple opportunities over
time to engage in solving a range of different types of problems which utilize the concepts or skills in question.

To appear in Cases of mathematics instruction to enhance teaching: Rational humbers and proportionality. New York: Teachers College Press,
forthcoming.

The COMET Project is funded by the National Science Foundation (ESI-9731428). The project is co-directed by Margaret Smith, Edward Silver, and
Mary Kay Stein and is housed at the Learning Research and Development Center at the University of Pittsburgh.
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Phase Action Comments
S Prior to the lesson: Students will be more successful in this task if they understand what is
E « arrange the desks so that students are in groups of 4. expected in terms of group work and the final product.
T « determine student groups prior to the lesson so that
students who complement each other’s skills and It is critical that you solve the problem in as many ways as possible so that
U knowledge core are working together. you become familiar with strategies students may use. This will allow you
P » place materials for the task at each grouping. to better understand students’ thinking. As you read through this lesson
* solve the task yourself. plan, different strategies for solving the problem will be given.
HOW DO | SET UP THE LESSON? HOW DO | SET UP THE LESSON?
Ask students to follow along as you read the problem. As students describe the task, listen for their understanding of the goals of
Then have several students exp|ain to the class what they the task. Itis important that they indicate the goal is to determine the
are trying to find when solving the problem. expression for the number of tiles in any pattern in the sequence. Be
Stress to students that they will be expected to explain careful not to tell students how to solve the task or to set up a procedure
how and why they solved the problem a particular way for splving the task because your goal is for students to do the problem
and to refer to the context of the problem. solving.
Phase Action Comments
E PRIVATE PROBLEM-SOLVING TIME PRIVATE PROBLEM-SOLVING TIME
X Give students 5 - 7 minutes of private think time to begin Make sure that students’ thinking is not interrupted by the talking of other
P to solve the problem individually. Circulate among the students. If students begin talking, tell them that they will have time to
L groups assessing students’ understanding of the idea share their thoughts in a few minutes.
o below.
E FACILITATING SMALL-GROUP PROBLEM SOLVING FACILITATING SMALL-GROUP PROBLEM SOLVING

As you circulate among the groups, press students to
come up with more than one solution and then show that
the expressions are equivalent. After explaining their
initial solutions you might say, “Now look at the figures
again. Find another way to look at how the pattern is
growing from one figure to the next.”

After there is more than one solution in the group, press
students to show that the expressions are equivalent
algebraically by using their prior knowledge of various
properties such as the distributive property, properties of
exponents, and rules for adding and subtracting like
terms.

The teacher’s role when students are working in small groups is to
circulate and listen with the goal of understanding students’ ideas and
asking questions that will advance student work.
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Phase Action Comments

E What do | do if students have difficulty getting started? What do | do if students have difficulty getting started?

X Allow students to work in their groups to solve the By asking a question such as “What do you notice about the figures

P problem. Assist students/groups who are struggling to get | pattern?”, the teacher is providing students with a question that can be

L started by prompting with questions such as: used over and over when problem solving. This will help them focus on

(0] - What do you notice about the figures in the pattern? | what they know, what they were given, and what they need to determine.

R - How many tiles are in the first figure? the second

E figure? the fifth figure?

continued | - How are the figures changing from one to the next?

- Give students square tiles and ask them to construct the
1%, 2™ and 3" figures. Then ask, “How did you know
how to construct the figures? How would you
construct the 4" figure?”

What misconceptions might students have?
Look for and clarify any misconceptions students may
have.

a. looking only at the first two figures and assuming
it's a linear growth pattern. How many tiles are
in the third figure? The fourth figure? Does
this match your pattern?

Which problem-solving strategies might be used by
students?

How do | advance students’ understanding of
mathematical concepts or strategies when they are
working with each strategy?

Students will approach the problem using a variety of
strategies. Some strategies are shown below. Questions
for assessing understanding and advancing student
learning are listed for each.

What misconceptions might students have?

Misconceptions are common. Students may have learned the information
incorrectly or they may generalize ideas prematurely.

Some strategies for helping students discover when they have made an
error include:

- Ask students to extend a pattern and compare it to what they predicted
pattern should be.

Which problem-solving strategies might be used by students?
How do | advance students’ understanding of mathematical concepts or
strategies when they are working with each strateqy?
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Phase Action Comments

Using the drawing
Using the drawing

A. T=(N*N)+10ORN?+1
A. moving a row and making it a column to form a square
plus one tile Figure 5 Move the bottom row and make it a column resulting

. . ) in a 5 by 5 square plus one tile.
How do the dimensions of the square compare with

the figure number? What would the dimensions for
continued | the 100" square be? How would you draw the nth
figure? How would you write an expression for the
nth figure?

MmO TXm

Figure N An

e B. T= (N+1)(N-1)+2

B. -seeing each figure as a rectangle with 2 additional Figure 5 6 by 4 rectangle + 2 tiles

tiles at opposite corners

How do the dimensions of the rectangle compare with
the figure number? What would the dimensions for Q
the 100" rectangle be? How would you draw the nth
figure? How would you write an expression for the
dimensions of the nth rectangle? The nth figure?

Simplify your expression. )

Press students to use the properties and rules they have learned dealing with monomials and polynomials.




GmwmgQumﬁmmmW—Smede

Phase Action Comments
E Ask them to connect the expression N? + 1 to the Figure N (N+1) by (N-1) rectangle plus 2 tiles
X diagram.
P
L
(@)
R
E
continued

C. - seeing each figure as a square with a row of tiles 1
larger than the side of a square above the square and
another row below the square

How do the dimensions of the square compare with
the figure number? What would be the dimensions
for the 100" square? What would the rows for the
100" figure look like? How would you draw the nth
figure? How would you write an expression for the
nth square? The nth figure?

Simplify your expression.

Students may use the “FOIL” method to arrive at N*— N -
N + 1 + 2N and then rules for combining like terms to
simplify the expression to N + 1. You might ask, “Why
does the FOIL method work? How does it connect to
the distributive property? How did you know which
terms to combine with each other?”

Ask them to connect the expression N° + 1 to the
diagram.

C. T=(N-1)(N-1) + 2N
Figure 5 4 by 4 square with 1 by 5 rows above and below

TIT11
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Figure N (N-1) by (N-1) square with 2 rows 1 by N
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Phase Action Comments
E Using a table Using a table
X
P - student constructs a table by counting the tiles Figure # Total Number of blocks
L What pattern do you notice in the number of tiles? If
@) students have previous experience with linear growth
R patterns, they may attempt to find a linear relationship. 1 Figure Ro.  No. tiles
E You could ask them, “How is the number of tiles 2 1 5 2
Continued | changing in the table?” 3 2 10 5
4 3 17 10
Press students to make the connection to a quadratic 4 26 17
pattern. Then press them to connect the expression to S 5 26

the diagram. You might ask, “So how can you see this
pattern in the figures?”

Figure no.  No. tiles  Pattern

O~ wWNPE

2 1+1
5 4+1
10 9+1
17 16+1
26 25+1
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Phase Action Comments
S FACILITATING THE GROUP DISCUSSION FACILITATING THE GROUP DISCUSSION
H What order will | have students post solution paths so | What order will | have students post solution paths so | will be able to help
A will be able to help students make connections between students make connections between the solution paths?
R the solution paths? Even though you may display all solution paths, you should strategically
E As you circulate among the groups, look for solutions that | pick specific solution paths to discuss with the whole group. For this
will be shared with the whole group and consider the particular problem, it could be best to have the solution N“ + 1 shared first
D order in which they will be shared. Ask students to so that all other expressions can be simplified to that. If no one has come
I explain their solutions to you as you walk around. Make | up with that solution you could say, “This is the solution | came up
S certain they can make sense of their solutions in terms of | with.” (Then demonstrate the solution’s connection to the diagram.) “Is
C the diagram. my expression equivalent to yours? Show me.”
U Recognizing equivalent forms of expressions and being able to convert
S Ask students to post their work in the front of the flexibly among them means that a student should be able to write a
S classroom. polynomial in factored form. That is, a student should understand that x2
+ 7x + 10 = (x + 2)(x + 5). Further, students should recognize that both
A The goal is to discuss mathematical ideas associated expressions represent a quadratic function that crosses the x-intercept at
N with the quadratic expressions and their equivalence. (2, 0) and (-5, 0). This should become evident once they begin to graph
D them.
A What guestions can | ask throughout the discussion that What question can | ask throughout the discussion that will help students
will help students keep the context and the goal of the Do L
N D > ; * keep the context and the goal of the problem in mind? (Driving
problem in mind? (Driving Questions *) N
A Questions*®)
L N? + 1 solution o _ _ _ _
Y If students have come up with the solution, N2 + 1, ask Driving Questlons hgve_been provided beca_luse th_ey will help to stimulate
Z them to present their solution and explain how their student interest, maintain the focus of the discussion on the problem
E context, and focus the discussion on key mathematical ideas. Many of the

solution connects to the diagram. You might ask, “What
does the N? look like in the diagram? Where do you
see the “1"?”

Ask students who have come up with a different solution
to present their solutions:

T= (N + 1)(N - 1) + 2 solution

Ask students to present their solution and explain how it
connects to the diagram.

Driving Question

* How is your solution equivalent to N* + 1? Show
us. Make certain to press on the same questions noted
above for this solution.

guestions require students to take a position or to wonder about
mathematical ideas or problem-solving strategies.

Accountable Talk

Pointing to the Diagram

Asking student to point to the diagram and mark their method of seeing the
relationship as they explain their solutions

Repeating or Paraphrasing Ideas

Ask other students to put explanations given by their peers into their own
words. This is a means of assessing understanding and providing others
in the class with a second opportunity to hear the explanation.
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Phase Action Comments

S T = (N-1)(N-1) + 2N solution Accountable Talk (continued)

H Ask students to present their solution and explain how it Position-Driven Discussion

A connects to the diagram. Press students to take a position and to support their claims with evidence

R Driving Question from the diagrams. Students must say why they believe their expression

E * How is your solution equivalent to N>+ 1? Show describes the pattern. In doing so they will have to provide reasons for
us. Make certain to press on the same questions noted their claims.

D above for this solution.

I Mathematical Reasoning:

S T = N(N+1) — (N-1) solution Connecting to the distributive property they should be able to indicate that

C Ask students to present their solution and exp|ain how it the eXpreSSion in the first set of pareﬂtheSiS must be distributed across the

U connects to the diagram. expression in the second set of parenthesis.

S Driving Question

S * How is your solution equivalent to N* + 1? Show The distributive property - Students should explain that the term “outside”
us. Make certain to press on the same questions noted of the parenthesis must be distributed or multiplied times each term

ﬁl\ above for this solution. “inside” the parenthesis.

D Table Solution Combining like terms - Students should explain that only terms that are the
Ask students to demonstrate how they arrived at the same can be added or subtracted. For example, N does not mean the

ﬁ table and explain how it connects to the diagram. same thing as N and therefore the two cannot be combined.

A

L HOMEWORK

Y HOMEWORK _ In addition, students could work on problems like the one below to make

Z You could give the Extend-a-Tile Pattern problem as a connections to real-life applications of factoring polynomials.

E homework assignment.

continued Measure the length and width of a rectangular room in your home, to the

nearest foot. Suppose you want to buy a carpet to fit in the room with a
space x feet wide on all four sides. Find a model for the area of the rug.
Write it as a quadratic trinomial. Use the model to find the cost of the
carpet if x = 3 and the carpet costs $7.50 a square foot.
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S - Pattern Task

Write a description that could be used to define any figure in the pattern shown below, including an
expression for the total number of square tiles in the figure. You may use drawings, words, and numbers
to determine your expression. Your answer should be clear enough so that another person could read it
and understand your thinking. After describing the pattern one way, find a second way and show that the
expression is equivalent to the expression for your first pattern.

EEEEE
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