
Student Task:

In this lesson, students analyze an input-output table, non-sequentially ordered, to determine its rule. They are then asked to test an incorrect rule to see if it fits the data. Finally they work backwards – determining the input value that would produce a given output value.  Students use tables, equations, graphs and language to explain and justify their reasoning.  This lesson presents a common task in a non-routine way to help students build flexibility.

Materials:

· Task (attached), worksheet, homework sheet, coordinate grid paper, rulers, overhead transparencies containing blank tables or chart paper for Share phase of the lesson, calculators (optional)




Standards Addressed:

(AF 1.2  Use a letter to represent an unknown number; write and evaluate simple algebraic expressions in one variable by 

                  substitution.

(AF 1.5  Solve problems involving linear functions with integer values; write the equation; graph the resulting ordered pairs of

                  integers on a grid. 

      MR 2.3 Use a variety of methods, such as words, numbers, symbols, charts, graphs, tables, diagrams, and models, to explain

                  mathematical reasoning.


Mathematical Concepts:
The mathematical concepts addressed in this lesson:
· investigate the pattern contained in an input-output table. 

· describe verbally and symbolically (and perhaps graphically) the “rule” or function that will produce the given output values for the given input values and use that rule to generate new output values when given input values.

· determine an input value when given an output value by “undoing” the rule or by referring to the graphical representation of the function.

· explain and justify solutions.

Academic Language:

The concepts represented by these terms should be reinforced/developed through the lesson:

	· Variable
	· Rule
	· Equation

	· Unknown
	· Input value, output value
	· Coordinate Graph


Encourage students to use multiple representations such as tables, words, equations, and graphs to represent the situation and to explain their thinking.

Assumption of Prior Knowledge/Experience:

· Familiarity with expressions and equations

· Familiarity with graphing equations on a coordinate grid

· Familiarity with the conventions for representing arithmetic operations with variables, i.e. 3n represents 3 times n

· Familiarity with evaluating algebraic expressions

Organization of Lesson Plan:

· The left column of the lesson plan describes rationale for particular teacher questions or why particular mathematical ideas are important to address in the lesson.

· The right column of the lesson plan describes suggested teacher actions and possible student responses.

Key:

Suggested teacher questions are shown in bold print.

Possible student responses are shown in italics.

** Indicates questions that get at the key mathematical ideas in terms of the goals of the lesson.
Lesson Phases:

The phase of the lesson is noted on the left side of each page.  The structure of this lesson includes the Set-Up, Explore, and Share, Discuss and Analyze Phases.
















































































































































































































































































































































































































	Phase
	RATIONALE
	SUGGESTED TEACHER QUESTIONS/ACTIONS

AND POSSIBLE STUDENT RESPONSES 
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	HOW DO YOU SET UP THE TASK?

· Solving the task prior to the lesson is critical so that:

· you become familiar with strategies students may use.

· you consider the misconceptions students may have or errors they might make. 

· you honor the multiple ways students think about 
problems

· you can provide students access to a variety of 
solutions and strategies.

· you can better understand students’ thinking and 
prepare for questions they may have.
· Planning for how you might help students make connections through talk moves or questions will prepare you to help students develop a deeper understanding of the mathematics in the lesson.

· It is important that students have access to solving the task from the beginning.  The following strategies can be useful in providing such access:

· strategically pairing students who complement each other.

· providing manipulatives or other concrete materials.

· identifying and discussing vocabulary terms that may cause confusion.

· posting vocabulary terms on a word wall, including the definition and, when possible, a drawing or diagram.

	HOW DO YOU SET UP THE TASK?

· Solve the task prior to the lesson using different strategies and representations.

· Make certain students have access to solving the task from the beginning by:

· having students work with a partner or in small groups.
· having the problem displayed on an overhead projector or black or white board so that it can be referred to as the problem is read.
· making certain that students understand the vocabulary used in the task (rule, input, output). The terms that may cause confusion to students could be posted on a word wall.  However, do not “teach” these terms prior to the lesson.  The word wall can be used as a reference if and when confusion occurs.

· Additional words that may be confusing to students could be posted on a word wall (i.e., community service project.) 

· Think about how you want students to make connections between different representations and different strategies.

· Since the focus of this task is on determining a rule for a pattern of numbers and using multiple representations, calculators could be provided for students who may have difficulty with the arithmetic involved in solving the task.
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	SETTING THE CONTEXT FOR THE TASK

Linking to Prior Knowledge

It is important that the task have points of entry for students.  By connecting the content of the task to previous experiences, students will begin to make the connections between what they already know and what we want them to learn.  By hearing about different ways that we can help others in our community, the notion of a community service project will make more sense.   It is important also that they understand what is meant by trash bags to complete a task – students may have used a hammer to fix something, or a paintbrush and a bucket, or scissors and a ruler.


	SETTING THE CONTEXT FOR THE TASK

Linking to Prior Knowledge

· How many of you have ever volunteered to help someone in your community?   What did you do?

· How have you worked with a group of people to complete a task?

· How many of you have used trash bags to complete a task? What task were you doing?  
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	SETTING THE CONTEXT FOR THE TASK

· Display the table containing Last Year’s Data so that it is clearly visible as you read the task.

· Having students explain what they are trying to find might reveal any confusions or misconceptions that can be dealt with prior to engaging in the task. 

· Do not let the discussion veer off into strategies for solving the task as that will diminish the rigor of the lesson.

	SETTING THE CONTEXT FOR THE TASK

Ask a student to read the task as others follow along:

In celebration of Earth Day, Ms. Montera is planning for the school to continue a community service project where they will be cleaning up the park. Groups of students worked together on the project. The table shows how many trash bags each group used last year. Ms. Ms. Montera wants you to help her find an equation that describes the rule in the table so that she can make plans for this year.

Part 1:

1.  Find the rule for the table.  Explain how you found the rule.  How do you know it is correct?

2.   How many trash bags would a group of 3 students need? A group of 6 students?  A group of 10 students? How did you figure this out?

Part 2:

3.   Sarena said that the rule for the table is 2x + 9 = y.  Robert thinks that this rule does not work.  Do you agree with Robert, or do you agree with Sarena?  Explain. Use at least 2 pairs of values to justify your answer. 

4. If a group of students used 61 trash bags, how many students were in the group?  How did you figure this out?

Provide all needed resources including calculators, coordinate grid paper, rulers.

Check on students’ understanding of the task by asking students:

· What are you trying to figure out?
· What information do you know?
· Who will restate what ______ just said?
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	INDEPENDENT PROBLEM-SOLVING TIME

It is important that students be given private think time to understand and make sense of the problem for themselves and to begin to solve the problem in a way that makes sense to them.

Wait time is critical in allowing students time to make sense of the mathematics involved in the problem.

FACILITATING SMALL-GROUP EXPLORATION

If students have difficulty getting started:

It is important to ask questions that do not give away the answer or that do not explicitly suggest a solution method.

· Students should be encouraged to use partner talk prior to asking the teacher for assistance if they are having difficulty getting started. 

· It is important to ask questions that scaffold students’ learning without taking over the thinking for them by telling them how to solve the problem.

· Once you have assessed students’ understanding, then ask students questions that will advance their thinking or challenge them to think about the task in another way.

· Students should come to realize that by reorganizing the table in sequential order, patterns will be easier to find.


	INDEPENDENT PROBLEM-SOLVING TIME

· Tell students to work on the problem by themselves for a few minutes.

· Circulate around the class as students work individually.  Clarify any confusions they may have, but do not tell them how to solve the problem.  
· After several minutes, tell students they may work with a partner or in their groups.
FACILITATING SMALL-GROUP EXPLORATION

If students have difficulty getting started:

Ask questions such as:

· How can you find out if your rule works?

· Does your rule have to work for all of the input values? Explain why or why not.
· How is this table different from some of the other tables we have worked with? Does it make it harder or easier to find the rule?
· What are some things that you could do to try to find the rule in the table?
· How can you test your rule to see if it works?  Try one.
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	FACILITATING SMALL-GROUP EXPLORATION (Cont.)

Possible misconceptions or errors:

It is important to have students explain their thinking before assuming they are making an error or having a misconception. After listening to their thinking, ask questions that will move them toward understanding their misconception or error.
· Students might think that the variable stands for the object or person, not the quantity of those things.  Therefore it is good to avoid always using the first letter of the object since that reinforces this misconception.

· Students may make the concatenation error and think that 2x represents two digits placed side by side; i.e. when x = 5, 2x represents 25.

· Students may view x as an operator, not a variable i.e. they might think that 2x + 9 contains two operators (multiplication and addition).

· Some students may think that this is a proportional problem – i.e. 10 students will need twice as many trash bags as 5 students.

· Some students may be confused about how to organize the data on a coordinate grid.

· It is important to consistently ask students to explain their thinking.  It not only provides the teacher insight as to how the child may be thinking, but might also assist other students who may be confused.


	FACILITATING SMALL-GROUP EXPLORATION (Cont.)

Possible misconceptions or errors:

· Let’s look at the table.  What do each of the columns represent?  What letters does the table use to represent the two quantities? 

· Read Sarena’s rule for me (if they say 2 “times” plus 9 have another student read it).  Which do you think is correct? Why do you think that?  What does the “x” stand for in this problem?

· How can we show that we want to multiply when we are using variables?  There are different ways.  What if I wrote 4a?  6c?  What do these mean?

· What if we had used different letters to stand for the number of students?  What if we used p?  What would the rule have been then? 

· How many trash bags will 1 student need? 2 students? What about groups of 4 and 8? Hmmmmm……  I wonder what’s going on?
· How can you organize this data on a coordinate grid? How would a coordinate graph show the relationship between the number of students and the number of trash bags needed?
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	FACILITATING SMALL-GROUP EXLORATION (Cont.)

Possible Solution Paths:

Monitoring students’ progress as they are engaging in solving the task will provide you with the opportunity to select solutions for the whole group discussion that highlight the mathematical goals.

Organizing the Data

· Data can be reorganized to make patterns easier to identify.  

· Students must realize, though, that input-output variables form a pair, and both must be moved together.

· It is important to continuously read the table from one column to the next, not down the columns, to help strengthen the idea that these are pairs of numbers.

· There are patterns, though, that students will see in the output column that may help them see the rule (i.e. an increase of four indicates times four.)

· If students are familiar with the convention, you can also represent them as ordered pairs:  (4, 17), (1, 5), etc.

· Provide groups with the blank worksheet so that they can re-organize the data.

Organizing the Data – Making a Graph

Constructing a graph is another way to organize data and see patterns. You might suggest that a group make a graph if they are having difficulty keeping the ordered pairs together.  Some students may be confused about how to graph the data on a coordinate grid.  Ask questions to help them make connections between the data and using a graph to organize the data.

	FACILITATING SMALL-GROUP EXLORATION (Cont.)

Possible Solution Paths:

As you are circulating, look for students who have various representations that can be displayed in the discussion.

Organizing the Data

· What patterns do you see in the table?

· What is another way to organize the data?

· How would this make it easier to see the patterns? 

Organizing the Data – Making a Graph
· How can we use the graph to show that 4 students use 17 trash bags?
· (after the graph is complete)  What does this point tell us?  This point (in order)?
· How can we use a coordinate graph to organize the data?
· How would we show the relationship between the number of students and the number of trash bags used with a coordinate grid?
· Do you think the graph will help us find out about how many trash bags other groups would need?
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	FACILITATING SMALL-GROUP EXLORATION (Cont.)

Finding the Rule – Guess and Check

It is possible to find the rule in a disorganized data table by using guess and check. However in working like mathematicians, it is good habit of mind to organize your work before beginning.  Students will need to keep track of their guesses and the outcome of their guesses so that they can use the results from one guess to help inform their next guess.  The rule is 4x + 1 = y.

Finding the Rule – Looking for Patterns

· Patterns are more evident in an organized table.  Because there are missing values in the chart (x = 3, 6, 7) students will not immediately see a consistent “up by” amount.  Make sure they notice that there are “holes” in their table by asking questions. 

· Helping students to think about both columns at the same time may help them to find a pattern.  Helping them to focus on the patterns they know (1, 2, or 4, 5) will help them to look at the table in a more organized way.

· Students may be able to express the rule using language, but may have difficulty translating it into an equation. This is OK.


	FACILITATING SMALL-GROUP EXLORATION (Cont.)

Finding the Rule – Guess and Check 

· What have you done so far?

· What rules have you tried? What have you found?  

· What records have you kept of what you have already tried?  How does that help you to work like a mathematician?

Finding the Rule – Looking for Patterns

· What patterns do you see in your table, now that you have put the data in order? The numbers get bigger.  First it increases by 4, then it increases by 8, then it increases by 4 …. 
· How many trash bags does a group of 1 need?  A group of 2?  How much does a group of 4 need?  A group of 5?
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	FACILITATING SMALL-GROUP EXPLORATION (Cont.)

Extending the Pattern/Rule

· Students can determine the number of trash bags needed for groups of 3, 6, and 10 in a variety of ways.  Allow them to use whatever representation they used to describe the rule.

Evaluating Sarena’s Rule

· It is important for students to realize that a rule has to work for ALL values, and that if they find just ONE value for which it doesn’t work, then the rule is not valid.

· By asking students to show you how they evaluated Sarena’s rule, you will be able to identify possible misconceptions or errors in interpreting the rule.  It is important that misconceptions or errors are clarified before the students proceed.

From Output to Input
· Have students begin to think about this in their groups.  It will be further explored during the Share, Discuss and Analyze phase.

· Students can use any representation that they have already used to answer this question.  Those who have described the rule verbally may find it easy to work backwards by thinking of a context; those who expressed the rule algebraically may have the most difficulty.  They may have to use guess and check to find the answer.
	FACILITATING SMALL-GROUP EXPLORATION (Cont.)

Extending the Pattern/Rule

· How many trash bags are needed for groups of 3? Groups of 6?  Groups of 10? 

· How did you determine your answer?

· Who figured this out a different way?  How did you determine your answer?  How does this compare to what ____ did?

Evaluating Sarena’s Rule

· Who do you think is correct, Sarena or Robert? Do you (another student) agree? Show me what you did to figure it out.  How can we show it another way?

· Which values did you test? Why didn’t you try all of the input values?

· Why do you think Sarena thought that 2x + 9 was the answer?  What did she forget to do?
From Output to Input

· If a group needs 61 trash bags, how many students do you think are in the group? 
· How did you determine your answer?

· Who figured this out a different way?  How did you determine your answer?  How does this compare to what ____ did?
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	FACILITATING THE SHARE, DISCUSS AND ANALYZE PHASE OF THE LESSON

What solution paths will be shared, in what order, and why?

The purpose of the discussion is to assist the teacher in making certain that students deepen their understanding of pattern and function.  Questions and discussions should focus on the important mathematics and processes that were identified for the lesson.

** Indicates questions that get at the key mathematical ideas in terms of the concepts being developed in the lesson.

· Mathematical Language – Using correct mathematical language helps students learn how to communicate mathematically.  Press students to use the correct language – input, output, variable, rule, equation
· Connections between Representations – Providing connections between different representations    strengthens students’ conceptual understanding.  Multiple solution paths and representations should be discussed and linked during this phase of the lesson.

Finding the Rule:

Begin by having groups display an organized table. Have the class make observations about what they see in this representation.  The “up by 4” observation should come out, and links can be made between “up by 4” and “times 4”.

Verbal Description

Ask a group to explain their verbal description of the rule and link it to the table.  They should explain how they found the rule.


	FACILITATING THE SHARE, DISCUSS AND ANALYZE PHASE OF THE LESSON

What solution paths will be shared, in what order, and why?

The following sequence is suggested in order for connections to be made between the table and the rules.

Have responses displayed on chart paper so that each representation can be compared to the others.

Finding the Rule

· Look at the table. What patterns do you see?  Where do we see the “up by 4” in the table? How do I explain that there is not an “up by 4” here but an “up by 4” here (between groups of 2 and 4, 5 and 8)?
Verbal Description
· What rule did you find that would help Ms. Montera see the relationship between the size of the group and the number of trash bags used?  Who can say the rule in their own words?
· How did you find the rule?  How did you use the table to help you?  Who can explain how they know that this rule describes the data?
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	FACILITATING THE SHARE, DISCUSS AND ANALYZE PHASE OF THE LESSON   (Cont.)

Equation

Ask the groups to share their equations and explain how they found them, and how they know they are correct.

Then have a discussion about why Sarena’s equation was not correct. 

Extending the Data

Students should explain how they used the different representations of the relationship/rule to find the number of items needed for 3, 6, and 10.  

Input from Output
Again, multiple representations should be used to answer this question.

Extension:  What’s Going On?

It is important for students to try to make sense of what 4x + 1 could mean.   They should say that each person gets 4 trash bags and the whole group or the teacher gets 1 extra trash bag.
	FACILITATING THE SHARE, DISCUSS AND ANALYZE PHASE OF THE LESSON   (Cont.)

Equation

· What equation did you find?  How did you find it? Do you agree or disagree and why?
· Who found their equation a different way? Can someone revoice what ____ just said?  
· How do you know your equation works?  Share with your partner.
· How are the equations the same? How are they different?  
· Could we have used different letters in our equations?  We could have used different letters but we would have to say what they stood for.  Since the table already gives the x and y, we should probably use those letters. 
· Who was correct, Sarena or Robert?  How did you decide?  What do you think Sarena did to find her equation?  What mistake did she make?
Extending the Data

· How many trash bags would a group of 3 need?  6?  10?  How did you figure this out?  Show us.  (table, rule, graph)

· I heard a student say that a group of 10 would need twice as much as a group of 5.  What do you think? 

Input from Output 

· So, how many students were in the group that needed 61 items?  How did you figure it out?

Extension:  What’s Going On
· We found a rule: 4x + 1 = y.   Who can explain how this rule/equation relates to the number of trash bags that the group is using?  How do you know?





	Number of 

Students 

in the group

(x)
	Number of 

trash bags 

used

(y)

	4
	17

	1
	5

	8
	33

	2
	9

	5
	21


  LAST YEAR’S DATA


Ms. Montera wants you to help her find an equation that describes the rule in the table so that she can make plans for this year.

1.
Find the rule for the table.  Explain how you found the rule.  How do you know it is correct?

2.
How many trash bags would a group of 3 students need? How many trash bags would a 
group of 6 students need? How many trash bags would a group of 10 students need? How 
did you figure this out?



	Number of 

Students 

in the group

(x)
	Number of 

trash bags 

used

(y)

	4
	17

	1
	5

	8
	33

	2
	9

	5
	21


3.
Sarena said that the rule for the table is 2x + 9 = y.  Robert thinks that this rule does not

work.  Do you agree with Robert, or do you agree with Sarena?  Explain. Use at least 2 pairs

of values to justify your answer. 

4.
If a group of students used 61 trash bags, how many students were in the group?  How did

you figure this out?




	Number of 

Students 

in the group

(x)
	Number of 

trash bags 

used

(y)

	4
	17

	1
	5

	8
	33

	2
	9

	5
	21


Extension:  What does the rule tell us about how Ms. Montera will share the trash bags among the group of students?  Explain.  How can you explain this rule?

Homework:  Make up your own rule, write it as an equation using x and y (KEEP IT SECRET) and complete the following table using your rule.  Bring your table to class and be prepared to use it to play “Guess My Rule” with your classmates.   Make sure your table correctly follows your rule!



WORKSHEET

LAST YEAR’S DATA

	Number of Students 

in the group

(x)
	Number of 

trash bags 

used 

(y)

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	




NAME _____________________________


EXTENSION PROBLEM

We will play “Guess My Rule” in class.  Your classmates will have a chance to Guess Your Rule.  To get ready for class,

· make up a rule for finding y if you know x.    MY RULE:  _______________ = __y__
· use your rule to complete the table below.  

You classmates will take turns and call out a value for x and you will tell them the value for y.  If they think they know the rule they will give both an x and y and you will tell them if they are correct.   So make sure your table correctly follows your rule!
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Write and evaluate simple algebraic expressions using one variable.


Graph ordered pairs of integers on a grid based on a linear equation.





Linear relationships are presented in multiple ways.





Algebraic Reasoning


Equations, expressions, and variables are mathematical models used to represent real situations.
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Set Up (pp. 4-6) 


Linking to prior knowledge:


By hearing about different ways that they can help others in our community, the notion of a community service project will make more sense to students.











THE LESSON AT A GLANCE





Concept Lesson: Earth Day


Fifth Grade – Quarter 3


Note: Developing an understanding of the mathematical concepts and skills embedded in a standard requires having multiple opportunities over time to engage in solving a range of different types of problems, which utilize the concepts or skills in question.
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THE LESSON 
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Summary of the Mathematical Concepts in the Lesson


Multiple representations (table, words, equations, graphs) can be used to describe functional relationships.


A rule can be used to find the output value for a given input value of a function. Those values can then be used to represent the rule graphically.

















Share, Discuss and Analyze (pp. 12-13)


Putting it all together:


Students describe the functional relationship using multiple representations – tables, equations, and graphs. 


Students describe the ways that they determined, and checked, the rule. 


Students describe multiple ways for determining an unknown input value -- including undoing the rule and using a graph.


Students discuss the relationship between a rule and possible contexts – possible scenarios that would fit the rule y = 4x + 1 will be explored.

















Explore (pp. 7-11)


Finding and applying the rule:


Students find the rule and explain their procedure.  Various procedures can be used to find the rule including graphing input and output values.


Students use the rule to find output values for given input values.  


Students “undo” the rule to find the input value that will produce a given output value.





























In celebration of Earth Day, Ms. Montera is planning for the school to continue a community service project where they will be cleaning up the park. Groups of students worked together on the project. The table shows how many trash bags each group used last year.
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